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Abstract-This study is aimed at the analysis of articular contact in a three-dimensional mathematical 
model of the human knee-joint. In particular the effect of articular contact on the passive motion 
characte$tics is assea~A in relation to experimentally obtained joint kinematics. Two basically diftbrent 
mathematical contact descriptions were compared for this purpose. One description was for rigid contact 
and one for deformable contact. The description of deformable contact is based on a simplified theory for 
contact of a thin elastic layer on a rigid foundation. The articular c&Aage was described either as a linear 
elastic material or as a non-linear elastic material. The contact descriptions were intruiuccd in a 
mathema@A model of the knee. The locations of the ligament insertions and the -try of the articular 
surfaces *ere obtained from a joint specimen of which experimentally de&mined kinematic data were 
available, and were used as input for the model. The ligaments were described by non-linear elastic line 
elements. !The mechanical propertim of the ligaments and the articular cartilage m derived from literature 
data. Par&metric model evaluations showed that, relative to rigid articukr contact, the into+mtion of 
deformable contact did not alter the motion characteristica in a qualitative sense, and that the quantitative 
changes wee small. Variation ofthe elasticity of the elastic layer reveakd that dacnaring the surface sti&ess 
caused th6 ligaments to relax and, as a consequence, &reased the joint laxity, particularly for axial rotation. 
The diff&cc between the linear and the non-linear defombk contact in the knee model was very small 
for mode@te loading conditions. The motion characteristics simulated with the knee model compared very 
well with the cxperimeats. It is concluded that for simulation of the passive motion charpaaittics of the 
knee, the ~simplif&l description for contact of a thin linear elastic layer on a rigid foundation is a valid 
approach when aiming at the study of the motion chamcteristica for moderate loading conditions. With 
deformable contact in the knee model, geometric conformity between the surfaces can be modelkd as 
opposed to rigid contact which assumed only point contact. 
INIltODUClION 
Recent developments show that three-dimensional 
mathematical models of the knee-joint develop into 
powerful tools for functional analysis of the knee, for 
evaluation of surtgical nd diagnostic procedures, and 
for design of art@ial joints (e.g. Essinger et al., 1989). 
A decade ago *ismans (1980) introduced a math- 
ematical model which simulated the quasi-static beha- 
viour of the tibio-femoral joint by calculating the 
relative quilibripm positions of the tibia and femur 
for given extern@l loads and kinematic onstraints. 
The ligaments were described by non-linear elastic line 
elements. The titular surfaces were assumed to be 
rigid and appraimated by surface polynomials of 
degrees 3 and 4. If the articular surfaces are assumed to 
be rigid, two problems may occur. If a close match of 
the anatomic geometry of the joint surfaces i applied 
through some m+thematical function, then the condi- 
tions for rigid contact cannot always be satisfied, 
because of the incompatible ocal curvatures of the 
tibial and femoral surfaces at the contact areas. If, on 
the other hand, the surfaces are approximated by more 
regular shapes, $uch as spheres and planes or low 
degree polynom+ls, the model characteristics may be 
less realistic. Thd purpose of this study was to deter- 
mine the effects &different mathematical descriptions 
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of articular contact and articular surface geometry on 
the kinematic haracteristics of the knee model when 
compared with experimental passive motion charac- 
teristics of the knee. In other words, to what extent can 
the parameters of the contact and surface descriptions 
affect he experimental verification of the knee model? 
The stiffness models of Crowninshield et al. (1976) 
and Grood and Hef&y (1982) did not include a descrip 
tion for the articular smfaces, because these models 
were aimed at the contribution of the ligamentous 
system to the sti&ss characteristics of the knee. 
Andriacchi et al. (1983) and Essinger et al. (1989) 
introduced knee models which also to k the articular 
geometry and the ligaments into account. Andriacchi 
et al. (1983) applied a finite-element-like approach, 
whereby the individual joint parts were described by 
elements connected to each other by nodes. They 
described the ligaments by 21 spring elements, the 
menisci by two shear beam elements and the articular 
surfaces by 10 hydrostatic elements which were lo- 
cated at five potential contact regions along each 
femoral condyle. No parametric analysis was per- 
formed with respect to the articular surface descrip 
tion. The model of Essinger et al. (1989) came close to 
that of Wismans et al. (1980) in its approach, but also 
included the quadriceps-patellar mechanism and the 
deformation ofthe tibial surface. The femoral coadyle 
was assumed to be rigid as to simulate the character- 
istics of present total knee prostheses. Essinger et al. 
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(1989) restricted their model to the simulation of a 
particular experimental set-up in which the knee is 
tested in a simulated standing position under body 
weight, whereby the flexion angle was controlled by 
the length of the cable representing the quadriceps 
muscle (Kurosawa et al., 1985). The solution proced- 
ure was based on minimixing the total energy of the 
system, taking into account he deformation of the 
tibia by use of a description for linear elastic ontact, 
the ligaments represented by non-linear elastic 
springs, and a simplified patellar mechanism through 
which the quadriceps cable and the body weight are 
acting. A parametric analysis with respect o the 
deformable contact description i  the model was not 
included in that study. 
The three-dimensional mathematical model of the 
human knee-joint developed in the present study was 
based on the work of Wismans et al. (1980). The 
approach, with regard to the mathematical descrip 
tion of deformable contact is similar to that of &sin- 
ger et al. (1989) and An et al. (1990), but the underlying 
theory is more general and can be incorporated in 
other joint models as well. The geometric data were 
measured on a knee specimen of which the passive 
motion characteristics were determined experiment- 
ally. The motion patterns, as simulated with the model 
and the parametric analysis by using different contact 
descriptions, were evaluated relative to the experi- 
mental data. The parameter variations included rigid 
vs deformable contact and, in the case of deformable 
contact, variation of the surface stiffness and variation 
of the polynomial surface approximations. 
METHODS 
Genoa2 descriition of the knee model 
The basic assumptions and simplifications in the 
process of modelling the human knee are similar to 
those employed by Wismans et al. (1980). The model is 
aimed at describing the quasi-static behaviour of the 
tibia-femoral joint for moderate loading conditions. 
The geometry of the tibia! and femoral articular 
surfaces and the insertion locations of the ligaments 
are based on geometry measurements (Huiskes et al., 
1985; Meijer et al., 1989; Blankevoort et al., 1991) on a 
knee specimen of which a set of experimental kine- 
matic data was available (Blankevoort et al., 1988). 
Although the menisci do have a certain role in deter- 
mining the laxity characteristics of the knee (Bargar et 
al., 1980; Markolfet al., 1981; Blankevoort et al., 1984), 
they are not included because of the complexity of 
incorporating them in the present mathematical for- 
mulation of the knee model. The ditTerences between 
the present knee model and that of Wismans et OZ. 
(1980) include the possibility to constrain each of the 
three trauslations and three rotations, and the incor- 
poration of deformable articular contact. Friction 
between the articular layer is assumed to he negli- 
gible. The model describes the position of the femur 
relative to the tibia for a given con6guration of 
external loads and kinematic onstraints. A series of 
joint positions imulates joint motion. 
The position of the femur relative to the tibia was 
found by solving the equilibrium equations for forces 
and moments acting on the femur combined with the 
equations for the contact conditions. The forces and 
moments were caused by externally applied loads, 
contact forces, liient forces and constraint loads, 
and were functions of the kinematic parameters. The 
solution was obtained through a Newton-Raphson 
procedure, in which the analytical partial derivatives 
of the equations to the kinematic parameters were 
used. 
Relatiw joint position and kinematic constraints 
The tibia is assumed to be fixed, relative to which 
the position of the femur is described. Two Cartesian 
coordinate systems are introduoed, a space4xed sys- 
tem of the tibia and a body-fixed system of the femur 
(Fig. 1). The xl-axis points anteriorly, the x,-axis 
points medially and the x,-axis points proximally. 
Each position ofthe femur is then characterixed bya 
translation of the origin and three rotations about he 
axes of the coordinate system. Introducing the trans- 
lation vector a from 0 (the origin of the tibial coordin- 
ate system) to 6 (the origin of the femoral coordinate 
system) and the rotation matrix R, the position of a 
material point P on the femur can be described by the 
vector p from 0 to p and the vector R * fb from 0 to P. 
They are related by 
p=a+R-fi. (1) 
At the reference position where the coordinate systems 
coincide, ais a zero vector, R is the identity matrix and 
P is the position vector of the material point, The 
Fig. 1. Schematic representation of the coordinate systems. 
(x1, x2. x,) is associatcdwithtbetibiaandisassumcdtobc 
space-6x4 (&, 9,. 2,) is associated to the femur and is 
assumed to be body-fixed. A material point P ia &cribed by 
the vector p relative to the space-fixed system and by tbe 
vector R-p relative to the body-fixed system. The vector 8 
describes the translation of the body-fixed origin relative to 
the space-fixed origin. 
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reference position is defined for the knee-joint in 
extension. In this reference position, the origins of the 
tibial and the femoral coordinate systems are located 
15 mm proximal relative to the insertion of the poste- 
rior bundle of the anterior cruciate ligament @AC) on 
the tibia, in the approximate r gion where the helical 
axes for tlexion motions are located (Blankevoort et 
al., 1988, 1990). 
For describing the rotations, the convention of the 
Joint Coordinate System as proposed by Grood and 
Suntay (1983) is used in an adapted form. This rota- 
tion convention defines the rotations around the 
body-fixed axes of the moving tibia relative to the 
fixed femur in the sequence of flexion, varus and 
internal rotation. Since the femur is moving relative to 
the tibia in the present model, a compatible rotation 
convention is then given by rotations around the 
body-fixed axes of the femur, provided that the rota- 
tions and the Mation sequence are reversedz external 
rotation (x,-axis), valgus (x,-axis) and extension (xs- 
axis) (Woltrit$ 1991). 
One or more of the position parameters may be 
prescribed and their values can be substituted in the 
force, moment and contact equations. In order to 
maintain the applied kinematic constraints, constraint 
forces and moments have to be introduced: 
c-t -vi, (W 
1 
in which f, is the constraint force acting on the femur, 
or, is the constraint moment around 6, u, denotes the 
magnitude of the constraint load, nd m is the number 
of kinematic onstraints. The vectors aI and /!, are 
determined bythe derivatives ofthe translation vector 
and the rotation matrix with respect to the translation 
and the rotation components, respectively (Appendix 
A). The values, for 6, follow from the solution of the 
system of equilibrium equations and contact equa- 
tions. 
Ligaments 
The ligaments are described by two or more line 
elements representing different fiber bundles in the 
ligament. The ligament bundles are assumed to be 
elastic, which means that the force a ligament exerts on 
the femur is only a function of its length. Let II and R * 1 
denote the po@ion vectors pointing to the ligament 
insertions at tibia nd femur, respectively. Using equa- 
tion (I), the unit vector pointing along the force’s line 
of action is given by 
v=(a+R.l-s)/)lIIa+R.L-011. (3) 
The ligament force on the femur f, and the ligament 
moment rnj about 6 can be expressed by 
f,= -fi(L,) VI, Ha) 
m,=(R*e,)xf,. (4b) 
A positive force d notes tension in the ligament. If I is 
the number of ligament bundles modelled, the total 
ligament force f, and ligament moment m, are found 
by summation over all ligaments, yielding 
ff=f: --_&fL,)Vj9 
1 
m,=$(R*+)xf,. 
W 
(5b) 
The functionJ(L,) is assumed to be non-linear for 
low strains and linear for strains higher than a certain 
level, which is indicated by 2, (Wismans, 1980): 
f=fke=/E,, QdS<2E,, (6a) 
f = k (8 -&I), &>2&,, (6b) 
f=Q &<O, WI 
in which fis the tensile force in a line element, k is the 
ligament sti8iress and E is the strain in the ligament 
calculated from its length L and the zero-load length 
Lo: 
E’(L_L,)/Lo. (7) 
At the reference ( xtension) position of the joint, the 
initial strain of each line element is given by the 
parameter s,, which is called the reference strain. This 
parameter determines the zero load length L,, to- 
gether with the initial length of the ligament, the 
reference length L,: 
hence 
,%=(Lr-LCJLO, 
L, = L,/(&, + 1). (8b) 
The different surface approximations in the model will 
result in slightly different reference positions. There- 
fore, slightly different reference l ngths of the ligament 
line elements are taken for each surface approxima- 
tion. These reference lengths are obtained by pre- 
scribing the flexion angle, axial rotation, AP trans- 
lation and, in the case of the deformable surfaces, 
medial-lateral translation, all set to xero. The resulting 
line element lengths are considered then to be the 
reference l ngths. In all models (with different surface 
approximations) the same ligament stiffness andrefer- 
ence strains are chosen (Table 1). They are derived 
from the literature data Butler et al. (1986) and 
Danylchuk (1975) (Appendix B). The non-linear strain 
level parameter E, is assumed to be 0.03 for all 
ligaments (Butler et at., 1986). No quantitative data 
are available of the reference strains in the ligaments. 
Therefore, the reference strains of the line elements in
the knee model are adapted in such a manner that the 
motion characteristics of the model approximate he 
data of previous experiments on the same knee speci- 
men of which the geometry data were measured 
(Blankevoort et al., 1988). For this purpose, two 
flexion motions are chosen from the previous ex- 
periments, one with an internal torque of 3 Nm and 
one with an external torque of 3 Nm. These are 
BPI 24:11-o 
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Table 1. The stilThess parameters and reference strains of the 
tigament line elements 
Ligament Ligament 
bundle 
Anterior 
cruciate 
Posterior 
cruciatc 
Laterat 
collateral 
Medial 
collateral 
Medial 
C43pSUlC 
a AC 
PAC 
aPC 
PPC 
aLC 
SLC 
PLC 
aMC 
iMC 
PMC 
aCM 
pCM 
5ooo 0.06 
5ooo 0.10 
!mo -0.24 
!a00 -0.03 
2000 -0.25 
2000 -0.05 
2000 O.Og 
2750 0.04 
2750 0.04 
2750 0.03 
1000 -0.18 
1000 -Cl.04 
simulated with the kn e model. The differences ofthe 
intemhxtemal rotations between the model and the 
experiments are minimized by variations of the refer- 
ence strains of the lime lements. 
Rigid a&alar contact 
For rigid’articular surfaces, contact bet&en femur 
and tibia will occur in contact points, of which the 
positions are a priori unknown and must follow from 
the equations describing the contact onditions. There 
are two contact conditions. Firstly, the points of 
contact C and C on the tibia and the femur must 
coincide yielding the contact position condition: 
c=a+R-C, (9) 
where c and R * C are the position vectors of C and C, 
respectively. Secondly, the outward normal II ‘at point 
C must have the opposite direction as the normal R l d 
at point C, yielding the contact normal condition: 
n= -R-l. 
The normal II .is calculated from 
(10) 
n=s II 
cv1 x co, 
c,, xe,, II ’ 
s=fl, (lla) 
where 
(lib) 
and vi and vz are orthogonal curvilinear coordinates 
of the surface and s is chosen such that II points 
outward. Note that n is a unit vector. The contact 
position condition and the contact normal condition 
form a set of Sn equations, where n is the number of 
contact points. The assumption of point contact im- 
phes that the curvatures ofthe surfaces at the points of 
contact on the femur and the tibia allow such contact 
to occur. 
Since no friction is assumed inthe articular contact, 
the contact force at-contact point f?k is directed along 
the normal vector R * &. The magnitude ofthe contact 
force pk at contact point k is introduced as an un- 
known parameter inthe solution procedure. The total 
compressive contact force on the femur f, and contact 
moment m, about 6 are found by summation over n 
contact points: 
(12a) 
(12b) 
The contact force is regarded aS being positive when 
contact actually occurs. If after solution of the equilib- 
rium and contact equations a negative contact force is 
found, the contact will be eliminated and a new system 
of equations will be solved. 
Deformable articular contact 
In this study, the mathematical description of 
deformable articular contact is based on the simplified 
theory of contact from Kalker (1985) for thin layers of
isotropic, linear-elastic material bonded to a rigid 
foundation. This implies that for the cartilage layer 
three assumptions are made. Firstly, the characteristic 
length of the contact area is assumed to be large 
relative to the cartilage thickness. Secondly, the cartil- 
age layer is considered as an isotropic, linear-elastic 
material. This deviates from its more complex behavi- 
our, which isdescribed as non-linear, viscoelastic and 
biphasic (e.g. Mow et al., 1986; Mak, 1986; Kempson, 
1980). However, the present knee model is quasi-static 
with no time-dependent characteristics. Deformable 
articular contact is used merely as a first order approx- 
imation of the behaviour of the articular contact. 
Thirdly, the subchondral bone is being considered as 
rigid. The simplified contact description isa tirst order 
approximation of the relation between the normal 
surface stress Q, and the surface displacement (Fig. 2): 
with 
(1-v)E 
s=(l+v)(l-2v)’ (14) 
where u, is the surfaa stress perpendicular to the 
surface, a, is the surfaa displacement, b is the surhccs 
x3 
J-- 
Xl 
xz 
Fig. 2. The parameters involved in the simplitied model for 
articular contact. The thickness b of the soft layer, the surface 
stress pcrpendicolar to the surface u, and the elastic modulus 
E and Poisson’s ratio v describing the linear elastic proper&a 
of the soft layer. 
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thickness, E is the elastic modulus and v is the 
Poisson’s ratio. This defotm8tion model is cquiv8lcnt 
to the articular surface model employed by An et al. 
(1990) in their twodimcnsion8l nalysis of pressure 
distribution in a joint. This description of articular 
contact deform@ion isstrictly linear and will only be 
valid for small’ surf8cc disphrcements. The stiff&s 
parameter S is the contined compression modulus or 
the 8ggrcg8tc modulus (Mow et al., 1982). For large 
surface displaoe/mcnts, geometrical non-linear behavi- 
our cBn be 8cc+ntcd for by 8n integration over the 
total displacement of the incremental stress increase as 
a function of the incremental displacemen t. The in- 
cremental stress increase is given by 
Division of the numerator and the denominator by the 
thickness b, ancj subseqttcnt i egration over the rcla- 
tive surface displ8cement U./b yields 
a 4yJb) 
tJn= s ‘Cl -&,/~~I = -Sln[l-(I@)]. (1% 0 
7% relation represents an e&+X simil8r to strain 
hardenin& since the stitTncss increases with incmasing 
surface displ8cemcnt: 
du,JdE,=S(l-q), with e,=u,jb. 
In the present model, where two bodies 8rc in contact, 
the material properties of the cartilage of both bodies 
areassumaItobccqual.Thcpammetcrbincquation 
(15) is then cqu8l to the total thickness of the two 
cont8cting layers. The surface displ8cement y is the 
sum of the r&t+ tibi8l and femoral surf&cc diiplaa- 
mcnts, which is obt8ined by the surface penetration of 
the undeformed tibi8l and femoral surf&es (Fig 3). 
The compres#ive contact force on the femur f, and 
contact moment m, about 6 are evaluated by intcgm- 
tion of the contact s resses over the femoral surface h: 
(168) 
with 
&I = W,A W) 
Qn=ze3-Ran= [c3- ~3-(R-C131e3aR*l VW 
in which z is the penetration of the femoral condyle 
into the tibial plateau (Pii 3), in the direction of xj 
(which is, of course, equal to the penetration of the 
tibial plateau into the femoral condyle) and c, is the 
unit vector pointing in the dimction of x3. 
The integrals (16n) and (16b) arc numorkily cvdu- 
ated with the simplest intqpation ruk, the composed 
midpoint ruk (Davis and Rabinowitz, 1975). An II by 
mgridislaidovcrthekmoralcondykisbyusingthe 
spherical~~~)-r(a,B),wberebythe~rize 
is giva by ($A& $A& The area of each sphetical 
mtangk is given by (Fig. 4): 
Oneachmtan$ethedisp&mntd.,andthusthe 
nomulsudacc~bcoo8i&mdtohavcaamstant 
value. This reduces the integration to a summation 
procedure of the products of area A, and midpoint 
stress Sm. Applying the integration rule to the integrals 
of equations (16) yields 
f --R* f i [i3,lrr+omx,,AaA/3j, c- 
J-1 f-1 
(178) 
The description of deformable articuk contact will 
thus only contribute to force and moment equations 
without the need ofadditional contact equations. 
Resulting m&l equations 
Equilibrium of the sum of the forces and the mo- 
ments will give six equations: 
f.+f,+f, +f,=O (184 
(18b) 
Fig.3. The~tionmodelumdto&term&thcsurface 
diBplaamcntmlabvctothcrprcbfiredaxKokutesystem 
from two sulf8c&pohlts c: and c on the fcnuu and tibi& 
rcspccuvcly. 
Fig.4. Tbedaaiptionoftbcsurfaccalcmentuuadiothe 
nwnerial integr8tion over the femord artichr rurha. 
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in which f, and m, are the externally applied forces 
and moments; f, and m, the constraint loads, equation 
(2); f, and m, the total igament loads, equation (5); and 
f, and m, the contact loads either from the rigid 
contact description, equation (12), or the deformable 
contact description, equation (17). For each kinematic 
constraint the prescribed translation or rotation is 
eliminated from the equations and is substituted by an 
unknown constraint parameter ul, equation (2). For 
each rigid contact, five equations follow from the 
contact position condition, equation (9) and the con- 
tact normal condition, equation (10); and five un- 
known parameters are introduced, i.e. four parameters 
for the location of the contact point of the tibia and the 
femur, and one for the magnitude of the contact force. 
Hence, the total system is described by (6 + 5n) cqua- 
tions and an equal number of unknowns, in which n is 
the number of rigid contact points. In the cast of 
deformable contact, n equals xero. The equations 
arc solved by using a Newton-Raphson iteration 
procedure. 
Model analyses 
The geometry data of a knee specimen from the 
experimental studies of Blankevoort et al. (l988,199O, 
1991) were used as input for the knee model. The 
locations of the ligament insertions were obtained by 
Roentgenstercophotogrammetry (Blankevoort et al., 
1991). The geometry of the articular surfaces was 
measured by a stereophotogrammetric method from 
Meijer et al. (1989). The geometry data points were 
used to obtain the parameters for the surface poly- 
nomials by a least-squares fit (Wismans et aI., 1980) of 
each of the four surfaces, i.e. the medial and lateral 
tibial plateaux and the medial and lateral femoral 
condyles. The simulated motions were two flexion 
motions similar to the motion pathways along the 
envelope of passive motion from Blankevoort et al. 
(1988). These were flexion motions with an axial 
torque of 3 Nm applied aroundthe x,-axis, in internal 
rotation for the first motion pathway and in extcmal 
rotation for the second motion pathway. When using 
rigid contact in the knee model, unpredictable r sults 
might arise if a contact point is eliminated for negative 
contact forces, because no new contact points can 
thereafter be generated. Therefore, no contact looscn- 
ing was allowed. This was achieved by applying a 
compressive force of - 150 N on the femur which was 
directed parallel to the tibial x,-axis. 
The effect of the surface descriptions  the motion 
characteristics was studied by three parameter vari- 
ations. The 6rst gave a comparison between different 
polynomial approximations of the tibial surfaces: a 
close approximation by high degree polynomials, a
less close approximation by low degree polynomials 
and a crude approximation by flat planes. Only the 
model simulations with the plane approximations of 
the tibial surfaces were pcrformcd for both the rigid 
and the deformable contact, since the rigid contact 
conditions could not be satisfied in all joint positions 
for the curved surface approximations. The femoral 
articular geometry was described in all cases by high 
degree polynomials using the spherical coordinates. A 
graphical representation f the diflbrent descriptions 
of the tibial surfaces is given in Fig. 5. The inter- 
polation fit pig. S(c)] was obtained through local 
linear interpolation of the data points around equally 
spaced grid points of a x,x,-grid This resulted in a 
close match with the measured ata points of the 
surfaces. The plane approximations [Fig 5(d)] re 
sulted from a least-squares fit of a plane through the 
data points of the medial and lateral surface. The 
plane approximations then gave the relative orienta- 
tion of the surfaces. The curved surfaces as obtained 
from a least-squares fit of fourth degree polynomials 
to the data points showed the rough curvature pat- 
terns. The representation with the high degree poly- 
nomial fits of the surfaces, medial degree 6and lateral 
Fig. 5. Comparison of the different polynomial duvxiptions for the tibial surfaces with an interpolation fit 
to the geometry data points. (a) High dep polynomials, lateral delpee 7 and medial dagrae 6 (b) low dagra~ 
polynomials, lateral degrw 4, mediai degree 4; (c) iatarpoktion fit; (d) planas. (The medial rwfacc is on the 
left, the lateral rurfacc is on the Ii&t) 
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Fig. 6. Rcprcsqntation of the geometry of the knee model, 
including the femoral condyles, the tibial surfacea (high 
and the line elements which model the 
nta (ACL, PCL, LCL, MCL), for the joint 
in extension. 
degree 7, gave a good description of the surfaces, as 
was indicated by the S.D. of 0.27 and 0.39 mm relative 
to the data points of the medial and lateral tibial 
surface, rcspe+%ively. Figure 6 shows the geometry of 
the knee model for the parameter analysis with the 
high degree lynomial approximations of the tibial 
surfaces and !he femoral condylcs, and the line ele- 
ments which represented the four ligaments. 
The second parameter variation was a comparison 
between the ;lincar and the non-linear deformable 
contact usingithe high degree polynomial approxima- 
tions of the ti/bial surfaces. The third parameter vari- 
ation was of +e elastic modulus of the linear dcform- 
able surface wption. Since normal articular cartil- 
age shows a ~medepcndent response to mechanical 
loading, the qlastic modulus and Poisson’s ratio will 
have to be di$ercnt for an instantaneous response and 
for a rcspod after a long time-period. In the former 
case, the ran 4 e of the elastic modulus is 5-15 MPa 
with a Poisson’s ratio close to 0.5, whereas in the latter 
case, the elastic modulus is close to 1 MPa with 
Poisson’s ratio ranging from 0.0 to 0.4 (Mow et al., 
1982; Kcmpscbn, 1980). The time span between succcs- 
sive positioni n the experiments was in the or&r of 
1 min (Blankqvoort e  al. 1988), which is considered to 
be neither a phort time nor a long time, hence the 
choice was r&her arbitrary. The elastic modulus was 
set at 5 MPi and the Poisson’s ratio at 0.45. The 
thickness of the articular yer was assumed to have a 
constant vallhe of 2mm for all articular surf- 
(Walker and kajek, 1972; Roth, 1977). 
RESULTS 
tations and the varus-valgus rotations, 
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Fig. 7. Axial rotation (a) and varus-valgus rotation (b) as 
functions of flexion for the envelope of passive knee-joint 
motion an simulated by the knee models with different 
descriptions of the tibial surfaceaz (pl rig.) rigid planes, (pl. 
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internal rotations for the plane approximation were cated by e more anterior and medial position of the 
quite diefcllt from the experimentally measured val- femur aa corn@ to the curved W&CC dcscriptio~. 
ues and tho# simulated with the curved surfaces. Two Of course, the plane approximations were expected to 
translation components were also ifdlucnced aa indi- give diiierent motion pa- since the ligament 
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Fig. 9. The effect of variation of the elastic modulus of the 
linear deformable contact description on the envelope of 
passive kneejqint motion as simulated by the knee model 
with high degree polynomials for the tibia1 surfaces. 
reference strains were adapted so as to match the 
model including the high degree polynomial approx- 
imations with the experimentally obtained internal 
and external irotations. The more medial position of 
the femur was probably caused by the lack of the 
medial concavity and the continuous medial slope in 
the flat plane approximation of the tibia1 surfaces. The 
difference between the rigid (pl. rig) and deformable 
contact (pl. def.), as shown by the plane approxima- 
tions, was srrtall. Surprisingly, also the diffemece be- 
tween the low (low def.) and high (high def.) degree 
polynomial approximations was small, which means 
that probably only the rough curvature characteristics 
of the tibial surfaces were of importance for the motion 
characteristics. 
Variation of the elastic modulus appeared to affect 
the axial rotations only (Fig 9). With decreasing 
values, the surface deformations increased and as a 
consequence ithe ligaments relaxed a little, allowing 
more inted and external rotation to occur. Intro- 
duction of non-linear deformable contact in the knee 
model showed virtually no effect on the motion para- 
meters relative to the model with linear deformable 
contact. 
The contaqt surface displacements and the stress 
distributions pn the femoral articular surface (Fig. 10) 
showed that ~ the assumption of the characteristic 
length of the ~contact area being large relative to the 
cartilage thiokness was a valid one. The maximal 
surface displacements and stresses occurred on the 
lateral condde for internal rotation at 90” flexion. 
These high cqntact stresses were caused mainly by the 
high tensions,in the cruciate ligaments and for a much 
smaller part (approximately 10-U%) by the axial 
force of 150 N. The maximum resultant contact forces 
occurred at 95” flexion for internal rotation and 
valued 620 and 440 N on the medial and lateral sides, 
respectively. 
DEiCUSSlON 
Mathematical models simulating the motion 
characteristics of human joints should incorporate a 
description for the articulating surfaces. The different 
approaches in mathematical knee models included 
rigid polynomial surfaces with point contact (Wis- 
mans et uf., 1980; Wismans, 1980), hydrostatic finite 
elements distributed over possible areas of contact 
(Andriacchi et al., 1983) and deformable surfaces 
described by elastic compression springs at discrete 
data points on a surface @singer et al., 1989). The 
articular surface description introduced in this paper 
was based on a general theory for a thin elastic layer 
on a rigid foundation and can be applied in kinematic 
joint models in general. The advantage of deformable 
contact in the knee model over the rigid contact is that 
it is not restricted to contrafonn contact. Conforming 
surfaces can also be described by using the deformable 
contact; which means that the passive motion charac- 
teristics of almost any joint can be modelled. The 
second advantage concerns the numerical solution 
procedure. The mathematical description of the 
deformable contact contributes to the force and mo- 
ment equations in the same way as the ligaments. 
Hence, no additional equations are necessary, as for 
rigid contact. Consequently, the knee model with 
deformable contact has a higher numerical stability 
(Ku&r, 1988). 
The approximation of the articular surfaces by 
polynomials was the same as used by Wismans et al. 
(1980). In the case of rigid contact there was a limita- 
tion to the degree of the surface polynomials, since 
high local curvatures may result in contact areas 
where the conditions for point contact may not be 
satisfied for all joint positions. For deformable sur- 
faces, however, there are no limitations to the curva- 
tures and therefore the best fitting polynomial may be 
chosen to describe the articular surfaces. Other gee- 
metry descriptions may also be used, such as cubic 
spline patches (Scherrer and Hillberry, 1979; Huiskes 
et al., 1985). The model analyses showed that close 
approximations were not necezmry, since the motion 
characteristics were not intluenced greatly by the 
degree of the polynomial approximations for the 
curved tibial surfaces. This was caused by the sixe of 
the contact area (Fig. lo), which covered small surface 
irregularities and made the contribution of the surface 
stress distribution to the net contact force less depend- 
ent on the irregularities. For rigid contact, however, 
the surface irregularities would have had a lasge e&t 
on the motion characteristics, ince a small shift of the 
1028 L. BLANKEVOORT et al. 
me 
Fig. 
medi 
External rotation 
-90” flexion 
10. Surface displacements [ un] and surface strssses [MPa] on the femoral rticular surface at45 and 
90” flexion, for external rotation and internal rotation with the linear deformable contact. 
contact point over the surface would cause large 
direction changes of the surface normal at the contact 
point. 
Deformable contact was merely introduced in the 
knee model to get round the problems arising from 
rigid contact if anatomically shaped articular surfaces 
are to be described. The exact nature of the local load 
transfer mechanism was of less importance. The time- 
dependent characteristics of cartilage were not in- 
cluded in the model and, as a consequence, only a iirst 
order agreement may be expected with literature data 
in this respect, but only for data on menisectomixed 
knees. The values of the surface stresses were in the 
range of those reported by Fukubayashi and Kuro- 
sawa (1980) and Ahmed and Burke (1983). In those 
studies the axially applied loads were much higher, 
ranging from 450 to 1800 N, but the joints were not 
loaded to the limits of axial rotations a  in the present 
study, where the ligament tensions appeared to be the 
main contributors to the contact stresses, which then 
reach values well in the range of the previously 
mentioned experimental studies. 
The parameter variation showed that there is no 
need for a more precise assessment of the cartilage 
elastic modulus, since variations between 2.5 and 
20 MPa did not dramatically affect he passive motion 
characteristics. This, of course, holds only for using the 
model to study the passive motion characteristics for
moderate loading conditions. Also, a more precise 
evaluation of the cartilage thickness in the case of 
linear deformation characteristics seems unneassary 
since, according to equation (14). twice or half the 
Articular contact in a three-dimensional model of the knee 1029 
thickness is similar to taking half or twice the elastic 
modulus, respectively. Introduction of non-linear 
deformable contact did not show to be of any import- 
ance when moderate loading conditions are assumed, 
as in the present study. The surface displacements at 
the contact area were too low as to expect any 
difference between linear and non-linear deformable 
contact, as wasiobserved inthe knee model while using 
an elastic modtius of 5 MPa. A lower elastic modulus, 
accounting for a longer time response, will certainly 
increase the strain hardening effect, but the contact 
surface area w 11 increase as well. The relative contri- i 
bution of the #second order terms of the non-linear 
stress-strain relation, equation (15), will be limited to a 
small part of tube contact area and its effect relative to 
the total contact area remains small. The linear 
deformable c&tact description, as a first order ap 
proximation of the non-linear descirption, may thus 
be used in the knee model when aiming at passive 
motion studies for moderate loading conditions. To 
study the contact mechanics or joint mechanics for 
high loading cbnditions may, of course, require non- 
linear deformdble contact, but a mathematical de- 
scription of the menisci should then also be con- 
sidered. It should be emphasized that the knee model 
can be used ably within its intended scope, i.e. the 
simulation of the passive motion characteristics of the 
knee. For simulation of motion or loading conditions 
where the medisci play an important role, the simu- 
lation results of the meniscectomized model may be 
less or not reliable, as for instance the simulation of 
joint laxity in ap ACLdeficient knee or motion studies 
with high axiq loading. 
The comparison between the model results and the 
experimental +ults for the envelope of passive mo- 
tions showed a,very good quantitative agreement with 
respect o all +otion parameters, except for the AP- 
translations ob the femoral origin for the internal 
motion pathway. From extension to 60” flexion the 
femur is located too far anteriorly. This was caused by 
the uncertain pature of the choice of the ligament 
reference strait@ which were adapted in such a way as 
to match the model simulations for internal and 
external rotatibns as functions of flexion with the 
experimentally ~ obtained values. In this procedure, the 
pretensions of ithe anterior cruciate ligament bundles 
were probably ~taken too high. However, relaxing the 
ACL would in&ease the internal rotation drastically, 
which should then be compensated for by another 
ligament. This !difEcult point stresses the importance 
of finding a rpethod to obtain values for refertncc 
strains in the li$aments, either by using the mathemat- 
ical knee modkl br by some rigorous experimental 
method. 
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APPENDM A 
Variation of the kiaenmtic equation 
For the evaluation of the kinematic constraints, the kine- 
matic constraint vectors are obtained through the derivativea 
of the translation vector and the rotation matrix with respect 
to the translation and the rotation components, respectively. 
This is performed through variational calculus applied to the 
kinematic equation (1): 
6p=ba+6R*p. (Al) 
This can be rewritten as 
dp-br+dR*R’*R+i. (A2) 
The rotation matrix R is proper orthogonal, so bR - Rt is skew 
symmetric A vector bn exists such that for every w, 
dR-R’~r=&xw. (A3) 
Vector dn is called the axial vector of 6R*R’. Together with 
R, this vector determines 6R uniquely. The variation of the 
kinematic equation can be written 8(1: 
Gp=&+brx(R-p). (A4) 
One or more of the position parameter8 may he prescribed. 
These kinematical constraints can be written as: 
k,(a, R)=O. 
The variation of this expression yie1ds.z 
k,(a+&R+SR)=O. 
(A5) 
Using a Taylor-series expansion it can he shown that & and 
dR are kinematically admimable, i.e. they do not violate the 
constraints it: 
t$*&+p,*&r=o. (A6) 
Hence, the vectors a, and b, are determined uniquely by the 
kinematical conditions. 
APPENDM B 
Ligament StifFess wlues 
The stiffness values for the line element8 in the linear part 
of the force-strain relationship, as used by Wismana (1980), 
were baaed on data from Trent et af. (1976). Andriacchi et al. 
(1983) based his stithmss data alao n Trent et al. (1976) but 
combined them with the data of Girgia et al. (1975). How- 
ever, it is not clear how they obtainer-higher v&a as com- 
pared to Wiis (1980). In Wismans et ei. (1980), the 
force-elongation relationship is quadratic: 
F=O, LGLO. 
This relation was also used by &singer et al. (1989). Since thin 
relation Iacks a linear part, the stilTnem vahtes can not he 
related readily to theme of Wisrnans (1980) and Andriacchi 
et al. (1983). Butler et ol. (1986) performed a study on the 
material properties of human knee ligaments by testing 
fascicle-bone units. An average value for the elastic modulus 
of 345 MPa wan observed for 8pccimcn8 from three relatively 
young donors (age 20-30 yr). Multiplication with the cram- 
Table 2 Comparison of literature data for the ligament stitMem k N 
Ligament 
bundle 
Tnnt et al. 
(1976) 
WiSmarUt 
(1980) 
Andriacchi et al. 
(1983) 
E-345 Nmm-* 
Cross-sectional area 
from Danylchuk (1975) 
ACL 3041 3000 7200 15075 
z 4483 3051 4500 14,300 20,010 
MCL 5160 E :g 8280 
CM - 1000 - - 
CL - loo0 - - 
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sectional area wig give the stifhtess as Newton per unit strain. 
Using motpbological data from Danylchuk (19753, the stiff- 
ness values are bigher than in the above mentioned studies, in 
particular for the cruciate ligaments. 
In Table 2 a comparison is given of the stillness data, as 
Newton per unit strain from different sources. The data from 
Andriacchi et CJ. (1983) were obtained by multiplication of 
their stiffness as Newton cm-’ with the length of the line 
element and summation over the line lements belonging to a 
ligament. The area data from Danylchuk (1975) were given 
only for the ACL (35 mm’), the PCL (58 mm’) and the MCL 
(24 mm*). In the present model anaIyses, the s&as values 
of the ACL, PCL and MCL are based on a combination of 
the estimates of Andriacchi n uf. (1983), the linear elastic 
modulus of Butler et 01. (1986) and the crogdcIctiollp1 area, 
from Danylchuk et al. (1975). The 8tifhG88 of the LCL is 
chosen from the model of Andriacchi d al. (1983) and that of 
the two bundles of the deep fibres of the MCL are mere 
estimates (Wismans, 1980). The stiffness of each ligament is 
divided equally over its line elements. 
